
A complete polynomial λ-calculus

Erika De Benedetti Simona Ronchi Della Rocca
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Abstract. We propose a system of stratified types, inspired by intersec-
tion types but without associativity, which is correct and complete for
polynomial time computations, while typing all the strongly normalizing
terms, so increasing the expressivity w.r.t. the previous proposals.

1 Introduction

This work is in the field of Implicit Computational Complexity. One of the aims
of Implicit Computational Complexity is the design of programming languages
with bounded computational complexity. In fact, guaranteeing and certifying a
limited resources usage is of central importance for various aspects of computer
science. One of the more promising approaches to this aim is based on the use of
lambda-calculus as paradigmatic programming language, and on the design of
type assignment systems for lambda-terms, where types guarantee, besides the
functional correctness, also the desired complexity bound. In this spirit, some
systems characterizing polynomial time complexity have been designed, inspired
by the Light Logics. The problem of these characterizations is that, while the
systems are functionally complete, their expressivity is very small, in the sense
that few algorithms can be coded. In particular, a proper subset of strongly
normalizing terms can be typed.

There are in the literature two characterizations of PTIME through type as-
signments for λ-calculus, DLAL ([2], [3] ) based on Light Affine Logic [1], an affine
version of Light Linear Logic [7], and STA [5, 6], based on the Soft Linear Logic
of Lafont [8]. Both these characterizations are correct and complete with respect
to PTIME, namely every typed term reduces to normal form in a number of steps
which is polynomial in its size, and moreover all and only the polynomial func-
tions can be coded by a typed term. However, the completeness in both systems
is functional, not algorithmic, in the sense that for every polynomial function
there is at least one algorithm that can be typed; even though the algorithmic
completeness is undecidable, we would like to design more expressive systems.

2 The system ISTA

Here we propose a type assignment system for λ-calculus, whose types are strat-
ified types, defined as follows.



Definition 1. i) The set T of types is defined by the following syntax:

A ::= a | σ ( A | ∀a.A (linear types)

σ ::= A | {σ, ..., σ︸ ︷︷ ︸
n

} n > 0 (stratified types)

ii) Let ≡ denote the syntactical equality between (stratified) types. Types will be
considered modulo the following equivalence relation:

A ≡ B⇒ A = B

σ ( A = τ ( B iff σ = τ and A = B

{σ1, ..., σn} = {τ1, ..., τm} iff ∀σi.∃τj .σi = τj and ∀τj .∃σi.σi = τj

i.e., a stratified type represents a set.
iii) The system ISTA proves judgments of the kind Γ ` M : σ, where Γ is a partial

function associating to variables a linear type or a stratified type {σ1, ..., σn}
for n > 0. {Γ} denotes the basis such that Γ (x) = σ implies {Γ}(x) = {σ}.
The system is defined in Table 1.

x : A ` x : A
(Ax)

Γ ` M : B x 6∈ dom(Γ )

Γ, x : A ` M : B
(w)

Γ, x : σ ` M : B

Γ ` λx.M : σ ( B
(( I)

Γ1 ` M : σ ( A Γ2 ` N : σ Γ1#Γ2

Γ1, Γ2 ` MN : A
(( E)

Γ ` M : A a 6∈ FV(Γ )

Γ ` M : ∀a.A (∀I)
Γ ` M : ∀a.B
Γ ` M : B[A/a]

(∀E)

Γ, x1 : A, ..., xn : A ` M : τ

Γx : {A} ` M[x/x1, ..., xn] : τ
(ml)

Γ, x1 : σ1, ..., xn : σn ` M : τ σi not linear

Γ, x : {σ1, ..., σn} ` M[x/x1, ..., xn] : τ
(ms)

Γi ` M : σi n ≥ 1 σi 6= σj

∪i{Γi} ` M : {σ1, ..., σn}
(sp)

Table 1. The ISTA Type Assignment system.

The system is inspired to STA (in Table 2), where the modality ! has been
replaced by the stratification. So, while in STA the multiplexor can contract only
premises with the same type, here the stratification allows to contract also differ-
ent premises, in case of stratified types. In case of linear types the stratification
behaves like the !, and this is essential for typing in an uniform way the data
types, in particular binary numbers. Stratified types allow us to exploit some
good properties of intersection types, for which the intersection is idempotent
and commutative, but not associative.



x : A `STA x : A
(Ax)

Θ `STA M : µ x 6∈ domΘ
Θ, x : A `STA M : µ

(w)
Θ, x : µ `STA M : A

Θ `STA λx.M : µ( A
(( I)

Θ `STA M : µ( A Ξ `STA N : µ Θ#Ξ

Θ,Ξ `STA MN : A
(( E)

Θ `STA M : A a 6∈ FV (Θ)

Θ `STA M : ∀a.A (∀I)

Θ `STA M : ∀a.B
Θ `STA M : B[A/a]

(∀E)
Θ, x1 : µ, . . . , xn : µ `STA M : ν

Θ, x :!µ `STA M[x/x1, ..., xn] : ν
(m)

Θ ` M : µ

!Θ `STA M :!µ
(sp)

Table 2. The STA Type Assignment system.

3 Properties

The system ISTA enjoys the following properties.

Theorem 1. i) Let π : Γ ` M : σ. Then M reduces to normal form in a number
of steps ∈ O(|M|3d), where |M| is the size of M and d is the depth of π, i.e.,
the number of nested applications of rule (sp).

ii) The system ISTA givets type to all and only the strongly normalizing terms.

Observe that these two properties are not in contradiction! So ISTA is more
powerful than STA, which can type a proper subset of strongly normalizing terms.

We represent binary numbers in Church style, so the number w is represented
by w = λs0s1x.si1(...(siblog wc+1

x)...) where ij ∈ {0, 1}, for any w 6= 0, and
0 = λs0s1x.x.
In STA, binary numbers are typed uniformely by the type

W = ∀a.!(a ( a) (!(a ( a) ( a ( a

and moreover, w can be given the type

Wn,m = ∀a.!n(a ( a) (!m(a ( a) ( a ( a , for all n,m ≥ 1

Observe that the possibility of non uniform typings for binary numbers is
essential to limit the expressivity of the language, in that it does not allow
nesting iterations of functions. Similarly, in ISTA we define types for binary
numbers to be

WIn,m = ∀a.{na ( a}n ( {ma ( a}m ( a ( a , for all n,m ≥ 1

so all Church numerals have in particular the type

WI = ∀a.{a ( a}( {a ( a}( a ( a

Let φ : N p −→ N be a function of arity p. Then the term M represents φ in
an untyped setting if and only if Mn1...np = φ(n1, ..., np). In a typed setting, M
needs to satisfy also typing constraints. Namely, in STA it needs to be typed as

x1 :!i1Wj1,k1
, ..., xp :!ipWjpkp `STA Mx1...xp : Wj,k



for some j, k, p, jh, kh (1 ≤ h ≤ p).
In ISTA the corresponding typing must be

x1 : σ1, ..., xp : σp ` Mx1...xp : WIh,k

such that, for all i ∈ {1, ..., p}, either σi = WIhi,ki
(so σi is linear), or σ̄i =

{WIhi
1,k

i
1
, ...,WIhi

qi
,ki

qi
}, for some h, k, hi, ki, qi, h

i
r, k

i
r (1 ≤ r ≤ qi).

Following an approach similar to the one in [4], we prove the following result:

Theorem 2. The numerical functions definable in ISTA are all and only the
numerical functions definable in STA.

The consequences of this theorem are interesting and also quite surprising. The
first one is that, as expected, ISTA is sound and complete with respect to PTIME.
But also a further notion of completeness arises. In fact ISTA is polynomially
complete with respect to strongly normalizing terms, i.e., all the numerical poly-
nomial algorithms that can be expressed by a strongly normalizing term can be
typed in it.
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